Introduction
Fracture and localization are multiple scale physical processes. The onset and the subsequent development of strain localization during material de-cohesion process focuses energy into a very small region. This highlights the length scale and micromechanisms of the phenomena. In computational implementation, various constitutive laws or the relations derived based on continuum mechanics have been applied for simulation. For instance, the cohesive model ͓͑1,2͔͒ has been widely used in many aspects of fracture mechanics. In the localization analysis, numerous nonlocal constitutive models are proposed to achieve shear bands independent of the computational grid size. Under dynamic loading with heat conduction, the adiabatic shear band has been investigated in Wright and Walter ͓3͔ and DiLellio and Olmstead ͓4͔. In this paper, localization analysis is conducted based on the strain gradient theory proposed by Fleck, Muller, Ashby, and Hutchinson ͓5͔ and Gao, Huang, Nix, and Hutchinson ͓6͔ . The corresponding ''traction-separation'' relation is derived. Using this relation we propose a localization-induced band and cohesive model. The effect of the material intrinsic length scale is included in this model. A multiple scale numerical procedure based on reproducing kernel particle method ͑RKPM͒ is implemented in the solution. Several interesting results are reported. It is concluded that material intrinsic length scale has a significant effect on the localization analysis. The proposed multiple scale model, which is based on the mechanism-based strain gradient theory, resolves the intrinsic length scale regardless of the discretization. Finally, the authors also wish to point out that the proposed multiple scale approach can be applied to any strain gradient model, although an additional mountain of work is needed.
The paper is organized as follows: A brief review of the model and the establishment of the governing equation are presented in Sections 2 and 3, respectively. Section 4 and 5 give the details on the localization analysis. The cohesive model based on strain gradient plasticity is established in Section 6. After the demonstration of the proposed multiple scale numerical approach in Section 7, conclusions are made in Section 8.
Review of Strain Gradient Plasticity
2.1 Classical Deformation Plasticity. The classical plasticity model states that the plastic strain rate, p , is proportional to the gradient of the plastic potential, F, with respect to the stress tensor : p ϭ ‫ץ‬F ‫ץ‬ (2.1) where is the flow factor; is the strain rate tensor and its components are related to the velocity field v by
2)
The superposed dot represents the time derivative and the superscript ''p'' denotes the plastic part of a quantity. The normality rule applies, FϭF( ), and the flow stress is defined by
where Y is the yield stress; is the equivalent strain; f ( ) is calibrated from the uniaxial stress-strain relation, i. 
The strain gradient theory employed in this paper has the following properties:
• A material intrinsic length scale l, which relates to the density of the geometrically necessary dislocation for a single-slip system of a single crystal, is defined as ͓͑7͔͒
where b is Burger's vector, denotes the shear modulus, and ␣ is a constant.
• At a microscale level, the flow stress is governed by the dislocation motion ͓͑6͔͒
ϭ Y ͱf 2 ͑ ͒ϩl and ϭͱ
.9͒ is referred to as the Taylor's hardening relation.
• In our study, we discovered that the effect from the couple stress introduced by Gao et al. is relatively small. Hence, the effect from the couple stress is ignored in this paper.
• Incompressibility and small strain theory are assumed.
With the above assumptions, the rate form of the strain gradient plasticity can be obtained by the time differentiation of the deformation plasticity relation, d ϭ 2 3 (2.10) with the flow stress given by Eq. ͑2.9͒:
The components of C and C are
and
The traction rate along a natural boundary is given as
(2.14)
2.3 Damage. To incorporate damage, we employ a simple damage law such that the yield stress in Eq. ͑2.9͒ is replaced by
where Y 0 is the yield strength without damage. The linear damage evolution law by Tvergaard ͓8͔ is applied: 3 Localization for Strain Gradient Plasticity 3.1 Preliminaries and Assumptions. Consider the boundary value problem for a homogeneous body ⌳ as shown in Fig.  1͑a͒ ; it is assumed that a strain localization width w takes place along ⌫ with normal vector n and tangent unit vector m defined Transactions of the ASME with respect to the centerline of ⌫. As shown in Fig. 1͑b͒, 1 and 2 are the coordinates in m and n directions, respectively. The following assumptions are made in the analysis: 1 For the localization zone shown in Fig. 1 , it is assumed that the velocity field can be separated into two parts ͓͑9͔͒
where the superscript ''hom'' refers to the homogeneously deformed solid outside the localization zone. Superscript ''loc'' refers to the additional deformation due to the localization. 2 The localized velocity v loc is assumed to be independent of 1 , i.e., ‫ץ‬v loc ‫ץ/‬ 1 ϭ0 ͓͑9͔͒. 3 The gradient of the width of the localization zone w respects to the local coordinate 1 is assumed to be small, i.e., ‫ץ/‪w‬ץ‬ 1 Ӷ1. 4 The gradient of the shear stress rate along 1 is also small, in other words, ‫ץ‬ ␣␤ ‫ץ/‬ 1 Ӷ1 when ␣ ␤. 5 The gradient of the pressure rate is small along 2 , i.e., ‫ץ‬ṗ ‫ץ/‬ 2 Ӷ1. 6 Inertial effect is only considered at the onset of localization.
It is ignored in the post-bifurcation analysis.
From the postulations introduced above, the strain and strain gradient tensors can be expressed as
The corresponding components can be shown
3.2 Governing Equations. With reference to the free-body diagram shown in Fig. 1͑b͒ , the equilibrium equation can be obtained by applying conservation of linear momentum along the normal direction. In order to determine the relationship between the time scale and the material length scale, the inertia effect is included in the onset of localization analysis to give
From the eigenanalysis given in Section 4, it can be deduced that the solution is proportional to e ͱ( n /) Y t . The nth eigenvalue n is to be defined in Eq. ͑4.9a͒. It has the following properties:
Since w usually has the same order of magnitude as l, therefore
From Eq. ͑3.8͒, one can estimate that n is in the order of 10 12 /m 2 considering l to be around 1 m. According to this estimate, let Y ϭ100 MPa and ϭ8000 kg/m 3 , it can be further concluded that the decaying ratio of the response ͱ( n /) Y is approximately in the order of 10 8 /sec. This indicates that the acceleration cannot be ignored. In the post-bifurcation stage, we consider only the static case and the acceleration term is neglected.
is the governing equation for post-bifurcation. However, for fast transient problems such as high velocity impact and penetration, the inertial effect should be included.
According to Eqs. ͑3.2͒-͑5͒, the governing equation for v loc in a localization zone can be obtained from the fact that strain and strain gradient are functions of v loc . Using the traction rate ͑2.14͒ and the rate form of gradient plasticity, we derive the governing equations for the following two cases:
The equilibrium equation ͑Eq. ͑3.10͒͒ can be rewritten in terms of v loc by expressing g and q in terms of the first and second derivatives of v loc . The governing equation of localization, which is a second-order partial differential equation, can be shown to be
The Ā i j and B i j coefficients are functions of the components of C and C . C 11 and C 22 represent the inertia effect. D 11 and D 22 are constants.
Remark: ͑1͒ If the couple stress is kept in the formulation, the governing equations for onset of localization and post-bifurcation can also be obtained following the usual conservation of linear and angular momentum. ͑2͒ For hyperelasticity in which the material length scale l is set to be zero, the above equation reduces to the governing equation obtained by Hill ͓10͔ . If the effects of strain gradient and inertia are ignored and C ͉ ⌫ ϭC ͉ ⌳ in the close neighborhood of the localization zone, Eq. ͑3.11͒ degenerates to Q•gϭ0 where Qϭn•C
•n is the acoustic tensor defined in Rice ͓9͔ and Rudnicki and Rice ͓11͔.
Post-bifurcation of Localization.
Because of the strain gradient effect, the C and C matrices in the localization zone are different from the ones in the homogeneous region. Hence, the conservation of linear momentum requires
(3.12) Equation ͑3.12͒ governs the subsequent deformation at postbifurcation stage. They are used as the governing equations in the proposed localization-induced cohesive model. Similarly, Eq. ͑3.12͒ can be written as a second-order partial differential equation as
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(3.13)
In the post-bifurcation stage, C 11 and C 22 components are also functions of material response matrix coefficients.
4 One-Dimensional Case 4.1 Boundary Conditions. For the one-dimensional rod shown in Fig. 1͑c͒ , the only nonzero velocity component is v( 2 ). In the subsequent analysis, we let 2 ϭx 1 because of the onedimensional simplification. The localization analysis is studied by applying a velocity v at both ends of the bar in the opposite direction so that
where L is the length of the rod.
As shown in Fig. 1͑c͒ , the nonzero of strain rate component at the right boundary of the localization zone ͑i.e.,
From symmetry, we only consider half of the model. Due to the fact that the symmetric structure is under antisymmetric loading, v loc should also be antisymmetric. Therefore
4.2 Onset of Localization Solution. Right before onset of localization, a uniformly distributed strain 0 hom exists over a onedimensional bar with a corresponding equivalent stress ϭ Y . At or after the onset of localization, each material point undergoes either localized deformation or elastic unloading. The f ( ) in Eq. ͑2.9͒ can be given as a piecewise linear function: According to the constitutive law given by Eq. ͑2.10͒, A 11 is found to be the material length; B 11 is a linear function of the hardening-softening constitutive law, C 11 represents the inertia effect and D 11 is a constant given below, i.e., A 11 ϭl; (4.6a)
(4.6b)
By taking the partial derivative with respect to x 1 , Eq. ͑4.5͒ becomes
Introducing the symmetric Eq. ͑4.1͒ and antisymmetric Eq. ͑4.3͒ boundary conditions, the solution to Eq. ͑4.7͒ can be put in the following form:
(4.8)
Assuming a form of A n (t) in terms of the eigenvalue n as 
The nth eigenvalue n can be determined from the remaining boundary condition and the use of Eq. ͑4.2͒ leads to the following equation:
In the above, n and n can be shown to be functions of n . Hence, Eq. ͑4.11͒ is an eigenvalue problem, which involves the unknown n and the localization width w. In order to solve this eigenvalue problem, we propose a minimum second-order work principle for the determination of w. This is addressed in Section 4.2.1. With the assumption that the width w is predetermined, n can be shown to be .16b͒ gives one extra equation for solving the width w, which should be solved with the n sets of equations from Eq. ͑4.11͒.
Depicted in Figs. 2͑a-c͒ are the initial localization width calculated according to the energy minimum principle introduced in the previous section. The following observations can be drawn based on Figs. 2͑a͒ to 2͑c͒:
• The initial localization width is inversely proportional to the tangent modulus ratio ͉E t ͉/E for softening material.
• The initial localization width increases as the material length scale increases in the case of softening, while the opposite trend is observed in hardening. However, when the initial localization width is normalized with respect to the material length scale, it decreases for softening and increases for hardening when the material length scale is increased.
• The initial localization width dies off quickly with ͉E t ͉/E for the case of softening. • For hardening, larger value of ͉E t ͉/E gives larger initial width when E t /( Y )р1. When E t /( Y )Ͼ1, no localization occurs.
• The initial localization width decreases rapidly when the value of the damage parameter is increased.
• For the case of perfect plasticity, the initial width obtained is infinite when damage is not considered. This validates the argument that damage must be included.
• When sufficient damage is included in the model, finite width of localization is obtained even for the case of perfect plasticity.
Post-bifurcation Solution Using Deformation Gradient Plasticity
Due to the presence of strain gradient, the homogeneous strain, hom is further separated into two parts, one is due to the gradient effect ( g ) and the other is a constant strain ( h ). That is
where P 11 is the prescribed traction at both ends of the bar. Another reason for this decomposition is because we need to define g such that at x 1 ϭϮw/2
This equation is compatible to the boundary condition ͑Eq. ͑4.2͒͒:
To further simplify the solution procedure, g is assumed to be a constant with the value of B g within the localization band ͑i.e., Ϫw/2Ͻx 1 Ͻw/2͒. However, it is a function of x 1 for ͉x 1 ͉уw/2.
Since h is given, by traction continuity and the strain decomposition ͑Eqs. ͑5.1a͒, ͑5.1b͒͒, the solution for loc can be obtained in two steps:
Step 1. General solution to loc . It is noted that the strain gradient effects vanish when x 1 is sufficiently away from the localization region, i.e., g , g
⇒0
when x 1 ⇒ϱ and loc ϭ loc ϭ0 at x 1 ϭL/2. Therefore, the traction evaluated at x 1 ϭL/2 is
We equate the traction inside the localization region, that is
with the traction evaluated at x 1 ϭL/2 to yield
Given that ϭ in one dimension, Eq. ͑5.7͒ is further simplified by rearranging terms to give a nonlinear differential equation and
The solution to Eq. ͑5.9͒ can be given as x 1 versus loc , i.e.,
(5.12e)
Step 2. Solution to g outside the localization region. The traction evaluated right outside the localization zone, i.e., at ͉x 1 ͉Ͼw/2 is
for L/2Ͼ͉x 1 ͉Ͼw/2. By equating the traction given above with traction at x 1 ϭL/2, the following traction equilibrium equation is obtained:
Following the same procedure as in Step 1,
( 5.15) with constants
The solution for Eq. ͑5.15͒ is given as
Transactions of the ASME Equation ͑5.3͒ gives only one condition for the determination of the two constants ͑C 0 and C 1 ͒. An additional condition, which is based on the energy transferred from the outside to the localization region, is needed. It is given by
At the first step right after the onset of localization, the initial width solution w 0 can be used directly in Eq. ͑5.3͒ as the known variables to determine C 0 and C 1 . For the remaining steps in the post-bifurcation stage, w is solved based on Eq. ͑5.3͒ in which C 0 and C 1 have been solved from Step 1.
We have established the onset and post-bifurcation solutions based on a strong coupling between the strain gradient theory that has a length scale ͑l͒ and the continuum scale solution. In a sense, we have applied a multiple scale approach to the problem. The evolution of the localization width in post-bifurcation stage is plotted in Figs. 3͑a͒ and 3͑b͒ . From these figures one can draw the following conclusions:
• For the same peak strain, i.e., (x 1 ϭ0), a larger value of material length results in a larger width of the localization zone.
• As the damage constant becomes larger, the width of the localization zone gets larger.
• The evolution of the width tends to converge to an almost constant value after the peak strain value reached twice the yield strain.
The major features of the analysis can also be summarized as follows:
1 Material length scale is embedded within a multiscale framework. 2 In the proposed model, finite width of localization zone can be predicted and we have established the relation with the material length scale.
Localization-Induced Cohesive Model
To consider the effect of stress triaxiality, we assume that in the radial direction, a uniformly distributed stress proportional to the axial stress is applied on the rod; i.e., 22 ϭ 33 ϭk tr 11 k tr Ͻ1 (6.1)
where k tr is an arbitrary constant representing the effect of stress triaxiality. From Eq. ͑6.1͒ it can be further given that
The uniaxial stress can then be expressed as
In Eq. ͑6.3͒ d is computed by integrating the rate from of the constitutive equation ͑Eq. ͑2.17͒͒. Equation ͑6.3͒ represents the relation between the axial stress and the transverse stress. Based on the solution to v loc , the traction ⌺ over the localization ͑cohe-sive͒ region can be calculated as follows:
in which A is the cross-sectional area of the bar and chosen to be unity in the computation. The localization-induced separation ⌬ is defined to be the separation between the two ends of the localization width:
The computed traction-separation law are plotted in Figs. 4͑a͒ to 4͑d͒ with varying material softening properties, material length scales, damage evolution parameter, and the level of hydrostatic stress. The following observations are emphasized:
• All these figures present an S-type traction-separation curve.
• Stronger softening leads to smaller separations.
• Larger material intrinsic length scales result in larger separations, however, the traction-normalized opening displacement curves ͑with respect to the material length scale͒ are identical.
• Larger damage constant produces less separation.
• For the same separation, higher traction is produced due to a larger triaxiality ͑hydrostatic pressure͒ constant. In fact, during the separation process of a material there are two opposite tendencies: strain softening accelerates the localization and decreases the stress; and the strain gradient which elevates the yielding strength and suppresses localization strain. In the terminology of strain gradient theory, more geometrically necessary dislocation is required for yielding and it homogenizes the localization strain. Apparently, the latter is significant right after the onset of localization, and a slight drop of traction causes a relatively large amount of separations at this stage. This also provides an explanation for the rapid increasing of localization width at the beginning of the post-bifurcation, as shown in Figs. 4͑a͒ and 4͑c͒ .
It is noted that empirical formula based on curve fitting for the relation between normalized traction ⌺/ Y 0 and normalized opening displacement d ͑with respect to material length scale l͒ can be given for different cases. For instance, when ϭ0.6, E t /E ϭϪ0.005, we have
with Y ϭexp͓Ϫ͑d ͒ 2.2 ϫ10 6 ͔ k tr Ͻ1.
(6.8)
The major difference between the proposed multiscale cohesive model and the phenomenological cohesive model can be summarized as follows:
1 The traction-separation law is derived from a physically based strain gradient theory while the classical approach employs a phenomenological traction-separation law.
2 Material length scale is embedded in the proposed model and has a significant effect at small scale. The classical cohesive model has no length scale in it. 3 Since the model is mechanism-based, fewer parameters need to be determined. While in the classical approach a curvefitting procedure has to be taken. 4 The multiscale framework of the proposed model makes it applicable for multiscale analysis.
Application to Multiscale Analysis
In this paper, the multiple scale enrichment procedure proposed in ͓͑12,13͔͒ has been applied to embed the Traction-Separation law, derived in the previous section, into meshfree or finite element code. This method is briefly explained as follows:
In general, for an unknown field variable such as velocity v, a computed v can be denoted as Pv, the projection of v obtained by a projection operator P, where P represents a numerical procedure. Assume there is a two-scale decompositions of v:
The multiple scale expansion of v using the operator P is vϭv low ϩv high ϩv bridging (7 A one-dimensional bar with length of 0.1 mm or 1 mm is investigated. An imperfection area is prescribed in the middle sec- 5 MPa, softening modulus E t ϭ0.05E, and damage constant ϭ0. An imperfection of the yield stress (0.99 Y ) is employed in the initial localization region as shown in Fig. 5 . Before h reaches 0.98 y , the magnitude of velocity v is controlled as 10 Ϫ6 t. After that it is kept as a constant until localization occurs. Right at the onset of the localization, the magnitude of the velocity at the boundary is dropped to zero.
In the present work, the RKPM ͑reproduced kernel particle method͒ ͓͑14-16͔͒, a recently developed meshfree method ͓͑17͔͒, has been employed. Four examples ranging from fine to coarse distributions of particles have been computed and shown on Fig.  6 . The particle numbers that are used in the above four cases are given in Table 1 . Two stress points are assigned in between two neighbor particles.
In the problem, u loc is taken from Eqs. ͑6.6͒ as the exact solution, the bridging term serves to couple the analytical solution with the RKPM. It is expected that the bridging term vanishes when a coarse discretization is prescribed, while it dominates the solution in the case of fine discretization. This approach allows one to use a numerical procedure with a very coarse mesh to compute localization solution with considerable accuracy by embedding a localized exact solution.
In Fig. 6 , the domain of interest is one length scale with 420, 22, 10, 4 stress points for cases a, b, c, d, respectively. Hence, the particle numbers in this region are correspondingly 211, 12, 6, and 3 for the four cases. As can be seen, the simulated strain distributions from fine to coarse discretization are given from Fig. 6͑a͒ to ͑d͒. In Fig. 6͑a͒ the low-scale strain represents the localization phenomenon with sufficient accuracy. Since the high-scale solution becomes redundant, the bridging scale solution is significant. In this case the high-scale and bridging-scale strains will essentially cancel each other and the combination of the three scales leads to the solution with higher accuracy. As can be seen in the transition case ͑Figs. 6͑b͒ and 6͑c͒͒, the effect of the bridging scale solution decreases as more coarse discretization is prescribed. Figure 6͑d͒ shows that both the low scale solution and bridging scale solution can not catch the localization phenomenon due to the coarse mesh. The phenomenon is captured by the highscale solution. These four examples have proven that the compu- 
Conclusion
A methodology is proposed to establish the boundary value problem at the onset of localization and post-bifurcation for materials obeying strain gradient theory in conjunction with damage. To compare with conventional plasticity, significant difference can be seen for both onset and post-bifurcation localization deformation. Based on the analytical solutions obtained from onedimensional tension, the ''traction-separation law'' for cohesive model is derived. Some important observation is given as follows:
• The evolution of the localized band width is a strong function of the material length scale. Larger material length scale contributes to larger localization zone and separation.
• Damage must be considered and faster damage evolution will produce a smaller localization band.
• Initial localization width is inversely proportional to the magnitude of softening modulus, while the trend is opposite for the hardening case.
The significance of the proposed methodology and results can be summarized as follows: 
